INTRODUCTION
HE development of a discharge within a gas-filled T void embedded in a dielectric leads to the separation of charge within the void. Almost immediately this space charge brings about the electrification by electrostatic induction of all the conductors of the system. Such a process initially does not involve the transfer of charges either to or from the conductors: see [l] for a full discussion of this phenomenon. With reference to the detecting electrode, this process means the creation of both positive and negative charge distributions on the surface of this electrode. Collectively, these charges are referred to as the induced charge. As discussed previously [l] , this induced charge may be identified as being of two distinct components: the Laplacian induced charge and the Poissonian induced charge. The former, which is equal in magnitude but opposite in polarity to the latter, is associated with the change in electrode potential. The latter is directly linked to the void space charge. In the present study we are concerned exclusively with quantifying this latter relationship. Consequently, in the ensuing discussions it is frequently convenient to invoke only the common term 'induced charge', but we will imply only the Poissonian component of the induced charge.
The quantitative evaluation of the induce: charge can be undertaken with feference to either the D field or the P' field [2] , where D represents the electric flux density, and P' denotes the polarization, i.e. the dipole moment density, of the polarized dielectric. For practical applications the former, or Maxwellian, approach is the more relevant. The latter, or quasi-molecular, approach is suitable for fundamental studies in that this approach provides a connection to the molecular aspects of the phenomenon. Although both the Maxwellian and quasimolecular approaches have been discussed previously [2] , a more detailed derivation and discussion of these is the initial object of this paper.
Following this, the application of these approaches to PD analysis is discussed. By separation of the discharge 1070-9878/95/ $3.00 @ 1995 IEEE phenomenon into two distinct time intervals, a greater insight into the induced-charge transients is made possible. Moreover, contributions to these transients brought about solely by perturbations in the dielectric polarieation can be quantified. This deduction has important consequences when the energy associated with the P D itself is under consideration.
BASIC POISSON FIELD
We consider initially an electrically-stressed dielectric system containing a void. Prior to the occurrence of PD activity, the field associated with the dielectric system will, on account of the applied voltage U , be Laplacian. Such a space charge free field can be characterized in terms of the parameters listed in Table 1 , where E is the permittivity, E , the permittivity of vacuum, and F a radius vector. The defining equations for a Laplace field are and at the dielectric interfaces. The + and -subscripts refer to the two sides of the interface in question, and ii is a unit vector directed away from the side which we have selected to call the positive side. We denote the field associated with (1) and (2) the basic Laplace field.
After PD activity, the presence of space charge in the void dictates that the field be Poissonian, and as such the field parameters-must rzflect this scuation, see Table 2 , where bV(F'), bE(F'), bD(F') and bP(?') are the field parameters related to the space charges in the void. For this Poisson field we write the associated defining equations as (4) and at the dielectric interfaces. 66 represents the component of the electric flux density associated with space charge, of volume charge density p and surface charge density U . The solution of (3) and (4) will be denoted the general Poisson field. However, on the basis of (1) and (Z), it is possible to reduce (3) and (4) to
5 (bD+ -6 0 -) CT (6) and The solution of (5) and (6) will be defined as the basic Poisson field, and the associated field parameters are also listed in Table 2 .
The separation of a general Poisson field into the two
Poisson field, implies that, a t any instant in time t , the total charge Q ; ( t ) on the i-th electrode in an N electrode system is related to the Poissonian induced charge q i ( t ) and the actual voltage U ( t ) , i.e. U ( t ) includes any voltage transient, by
where Cij is the partial capacitance between the i-th and j-th electrodes and j = 0 refers to ground. U, and Uj are the potentials of the i-th and j-th electrodes. Although the basis for this relationship may be found in [2] , it should be noted that certain parameters are expressed differently in that paper.
j =O
MAXWELLIAN APPROACH: THE X FUNCTION

DEFINITION OF T H E X FUNCTION
We consider first the situation of a point charge d Q located in a heterogeneous dielectric system in the presence of electrodes, and that this charge induces charge on all electrodes. From basic electromagnetic theory, it is clear that the charge induced electrostatically on an electrode by space charge depends in a unique way upon the location and magnitude of this space charge. With reference to the i-th electrode in an N electrode system, the total Poissonian induced charge dqi related to d Q may be expressed as i.e. dq; also includes the contribution due to changes in the dielectric polarization related to the field of d Q . The parameter A, is simply a dimensionless factor of proportionality. In a general system with N electrodes we need N different A functions, one for each electrode. This is necessary as the charge induced by the same source differs from electrode to electrode.
The electrostatically induced charge on the i-th electrode associated with a distribution of both volume space charges and charges on dielectric interfaces is, due to the principle of superposition, the sum of the contributions arising from all such space elements dR and surface elements dS of charge, i.e. n s The volume charge density p and the surface charge density u are functions of location and they may also vary with time, but A i is independent of time. The volume inteeral is extended to all mace R between the electrodes components, namely, the basic Laplace field and the basic The A; function has a specific value for every point in space. It takes the value unity at the surface of the i-th electrode and tends towards zero as the spatial location recedes from this electrode, and also as it approaches all other electrodes. At the surface of those electrodes its value is zero. Further, provided that the dielectric permittivities are independent of electric field strength, Xi is independent of the voltage applied to the system. Equation (9) is the defining equation for A i and as such is used to determine the properties of the A i function. This will now be undertaken.
As a final comment, i t should be noted that there is no logical connection between the Poissonian induced charge and the apparent charge as defined in IEC 270 (1981),
[3].
It is nevertheless evident from the actual usage of this latter term that apparent charge is in reality the Poissonian induced charge, see [l] .
DERIVATION OF THE X FUNCTION
In order to simplify our derivation of the Xi function, we will in our mathematical analysis assume that all N electrodes are held at zero potential, whilst all space charges are fixed in their positions acquired when the voltages were applied to the electrodes. Consequently, as there is then no Laplace field, this implies that, owing to the presence of space charge in the interelectrode volume, the only charges present on the electrodes are the Poissonian induced charges, see (7) . In spite of the fact that all electrodes are considered to be grounded, an electric field is nevertheless established throughout on the electrodes. We can therefore rewrite (9) in the following manner 
ss,
where the last surface integral is taken over all electrode surfaces F, and Z is a unit vector outward from the electrode surface. Because A; = 1 at the z-th electrode and X i = 0 at all other electrodes, this last integral is simply equal to 4, . A comparison of (14) and (15) shows that it is required that Xi be interpreted in a manner such that the dielectric due to the presence of all such space and surface charges. We can therefore, in our mathematical formulation, replace p and 0 with To obtain a simple condition for A; we introduce the relationship
where 6@ is electric field strength and 6V is the scalar potential in the volume between the electrodes, and E is the permittivity. Equation ( or with reference to the vector identity
We then apply Gauss' generalized theorem to the vector 6VEVXi
In this last integral 6V is zero because, in our analysis, the potentials of all electrodes were set to zero. This means that (20) 
where E' is the electric field strength and E, the permittivity of vacuum. Hence this approach considers the entire interelectrode volume to be vacuum, in which a distribftion of dipoles with a dipole moment density5qual
to P represents the actual dielectric [6-81. Thus P may be related t o a point dipole of moment dp' dp'= P'dR (26) where dR denotes a volume element.
It should be noted that in deriving field solutions which involve dielectric polarization, it is frequently more convenient to replace the distribution of dipoles given by (26) by an equivalent fictitious volume charge density p', where
and an equivalent fictitious surface charge density d,
see [6-101 for details. The unit vector n' is directed away from what we have chosen t o denote the positive side of the interface either between two dielectrics, or between polarizable and unpolarizable materials where either P+ or P-will be zero. Because the two different representations are mathematically equivalent and mutually exclusive, a choice must be made [7-lo] . The dipole representation is more convenient for the present study. No fictitious charge is therefore involved in the following discussion.
DEFINITION OF T H E q5 FUNCTION
On an electrode, the Poissonian induced charge is now considered to consist of two distinct components, one associated specifically with the space charge distribution, and a second component directly related to the dipoly representing the dielectric. The effective polarization P, of a solid dielectric will depend on the applied voltage, and on the field perturbation related to the space charges, I.e.
F e = F + 6 @ (29)
where_@ is linked exclusively with the applied voltage, and 6P is associated with the presence of the inter-electrode space charges.
As before, we begin by considering a point charge d Q located in the interelectrode volume. Let d q~ represent the induced charge resulting from dQ alone. Thus if, with reference t o an N electrode system, $i represents the proportionality factor relating dgiQ to d Q , then we have
In addition, as shown previously [2] , the induced charge dqip on the i-th electrode due t o a dipole moment d$is given by dqip -dp'. Q$i
Individually the expressions given in (30) and (31) represent the two components of the induced charge discussed above. Hence, the resulting induced charge on the i-th electrode can, with the dipolar representation, be expressed as
The volume integral is extended over the entire volume R external to the N electrodes and the surface integral to all dielectric interfaces S. It should be noted that the integral expression for qi in (32) is equivalent to that given in (9) .
As with the A; function $i takes the value unity a t the surface of the i-th electrode, while its value is zero a t all other electrodes. Prior to employing (32), which is the .. defining equation for $,, it is first necessary to establish the required functional basis of $i t o fulfill (32).
DERIVATION OF THE q5 FUNCTION
As stated previously, we can replace p and cr with (10) and (11) and hence (32) can be written in the form As the curl of a gradient is always zero, this implies that the tangential components of V@i are the same a t the two sides of a dielectric interface. Thus (45) allows us to conclude that no boundary condition is associated with the dielectric interfaces of the system. The sole requirements t o be fulfilled are therefore
with 4i = 1 a t the i-th electrode and q!)i = 0 at all other electrodes.
This is the simplest form of Laplace's equation. It has the same mathematical form as Laplace's equation for a scalar potential in a space charge free electrostatic field in vacuum. However, as stated previously, $i itself is a dimensionless quantity.
APPLICATION OF X AND q5 TO PD STUDIES
Because the detection of P D refers to signals which are manifest a t a specific electrode, we will now omit the identifying subscript. In evaluating the induced charge associated with a PD, it is advantageous to consider the event separated into two distinct time intervals;
1. the duration of the void discharge development: 0 < 2. the period following the cessation of the discharge dewhere t is time. T I denotes the duration of the void discharge development, and T z is the time of occurrence of the next discharge.
In the former time interval, the electrons and ions created in the discharge are in motion within the void. Thus (9) or (32) would have to be employed to determine q.
As a result of the applied field, the charges drift to and thereafter accumulate a t the surface of the void. The electric field from these surface charges will oppose the applied field within the void. This charge separation process will continue until the discharge is field quenched at time Ti. If we assume that the wall conductivity I' is zero, all surface charges will remain in situ until the occurrence of the next discharge a t Tz. The time interval between the discharge quenching and a succeeding discharge constitutes the latter time interval. In such conditions, cr will represent the final value of the surface t 6 Ti, velopment: T i < t < TZ charge density a t the void wall, and thus, with reference to (9) and (32), q is given by either
for Ti < t < Tz. It should be observed that (47) and (48) represent the final value of q not cnly for a single discharge but also for a series of discharges. 
or ---is given by
In a recent publication [12] , it was shown that for ellipsoidal voids
and s' is the radius vector which locates the position of dS with respect to the point within the void which was chosen as the basis for the Taylor expansions of A and 4.
It should be noted that the addition of any constant vettor to < i n (49) does not change the value of the integral. Alternatively, from (52) and (57), we obtain
From (50) and (51) it is evident that, through the X and q5 functions, we are able to quantify the contributions to the induced charge which arise either directly from the or space charges or from changes in dielectric polarization.
To proceed with the analysis, it is appropriate t o let
In the limit E, --$ oo, we have
where qp represents the induced charge associated directly with the change in polarization due to the presence of the void space charge, and qp is the induced charge directly associated with this space charge source. By combining (50), (51) and (52) we obtain
As we have neglected the second and all higher order terms in the Taylor expansions, this implies that VX is considered to be constant within the void. Consequently, by mathematical analogy with electrostatic fields, we may write [I21
where Xo represents the X function of the associated voidfree system. For voids of simple form embedded in isotropic dielectrics, the parameter h is a scalar.
For a homogeneous dielectric system, and for a very restricted class of heterogeneous dielectric geometries, Xo is a solution of the reduced Laplace equation, and thus we have for such systems
The variation of ( q p / q ) for spheroidal voids is shown in Figure 1 for different E, values. If the axis of rotation is of length 2a, then for a prolate spheroid we have a/b 2 1, while for an oblate spheroid a/b < 1, where 26 represents the length of the minor/major axis of the prolate/oblate spheroid. From Figure 1 , it is clear that, depending on the void geometry and orientation relative t o VXO, changes in the dielectric polarization can account for a significant portion (> 25%) of the induced charge. When VXo is parallel to the axis of rotation, the largest polarization contribution to the induced charge is obtained with the oblate spheroidal void, see Figure 1 (a). In contrast, for VXO normal to the axis of rotation the greatest contribution is provided by the prolate spheroidal void, see Figure l(b) . In each case the largest polarization contribution arises when the largest linear dimension of the void lies normal to VAO.
6. DISCUSSION 6.1. DERIVATION OF THE X AND q5
FUNCTIONS
Through the phenomenon of electrification by electrostatic induction a partial discharge in a void induces a charge on the detecting electrode. Traditionally, the evaluation of induced charge is undertaken using Green's reciprocal theorem . As yet, however, no rigorous proof has been advanced t o substantiate this theorem when applied to a heterogeneous system of polarizable materials containing both volume space charges and charged dielectric interfaces; such limitations can be noted in [18] and [19] . Consequently, to provide a definitive evaluation of the induced charge for such general conditions, it becomes necessary to resolve these limitations. To this end we developed, from first principles, an independent approach in which the formulation of reciprocity was not the starting point. Our approach is based on the principle of superposition, Maxwell's equations and vector analysis. In addition we introduce two functions, namely X and 4. These functions differ in the manner by which the dielectric polarization is taken into account. With the X function, dielectric polarization is accounted for implicitly, whereas with the 4 function this phenomenon is dealt with explicitly.
On the basis of their defining equations, i.e. (9) and (32), the nature of the X and 4 functions has been completely established. The former is shown to be a solution of the general Laplace equation for the boundary conditions X = 1 a t the detection electrode and X = 0 a t all other electrodes. The latter function is a solution of the reduced Laplace equation for identical boundary conditions. In the absence of any polarizable material, e.g. in traditional gas discharge studies [ZO] , the X function and $ function become synonymous.
APPLICATION T O PD 6.2.1. THE X A N D 4 FUNCTIONS
The induced charge may be quantified relative to the partial discharge through either the X functitn or the 4 function. The X function is related to the D field and is thus linked directly to the PD space-charge. In contrast, the $ function is related to the P field and hence it becomes possible to distinguish between the influence of the P D itself and that of the dielectric polarization upon the induced charge. ByJhis means the importance of changes in polarization ( 6 P ) in contributing to the induced charge has been highlighted. Moreover, this effect is shown to be very dependent on both void geometry and the orientation of the void relative to VXo.
In practice the direct application ,Of the 4 function is limited in that a knowledge of 6P requires a prior knowledge of the field perturbation (52) produced by the PD. However, as the source term itself is a n unknown quantity, the associated field parameter cannot be determined. Consequently, the quasi-molecular approach has relevance only for analytical studies involving, for example, P D mo_deling in which the source term is predefined.
With the D field approach, the influence of the polarization is incorporated in the X function and hence this approach can be readily applied t o practical systems.
INDUCED CHARGE
With reference to the Poissonian and Laplacian components of the induced charge, a particular point to be emphasized strongly is that such induced charges, determined by means of either the X function or the $ function, are real charges which exist on the surfaces of the electrodes. They are not in any way image charges, and must not be referred to by that term. Image charges are fictitious charges which one introduces in a specific mathematical procedure, and as such must clearly remain figments of the imagination.
Turning to P D detection practice, it is evident that the so-called apparent charge is in reality the Poissonian induced charge. The latter is an exactly defined quantity, whereas the definition of the former is of an elusive nature. Adoption of the term Poissonian induced charge would increase the precision of the basic terminology.
EN ER GY CO N SI D E RAT IO N S
In the currently accepted philosophy of P D transients, i.e. when dealt with in terms of an equivalent capacitive circuit, the induced charge (apparent charge) plays a central role in any assessment of the energy dissipated by the discharge within the void [21, 22] . As shown, however, the Poissonian induced charge consists of two components, one of which is directly related to the space charge within the void, while the other is related to polarization changes external to the void. Consequently, the whole question of the energy dissipated within the void needs to be reformulated from first principles.
CONCLUSION
charge induced on a detecting electrode by a PD THE can be quantified in terms of either the X function or the function, for which the necessary relationships have been rigorously established. As the X function deals inherently with the presence of polarizable materials, it is the more relevant for practical applications. However, the introduction of the 4 function enables the induced charge contribution associated with changes in the dielectric polarization to be assessed. Depending on the geometry of the void and its orientation relative to VXo, this contribution can exceed 50% of the induced charge.
